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Stability Criteria for a General Class of
Finite Difference Schemes

James N. Scott* and Yi-Ping Yaot
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The von Neumann stability analysis is performed on a generalized class of two-level space-centered finite
difference schemes known as Lerat-Peyret schemes. In the present study, these schemes are used to solve the
convection-diffusion equation in an effort to obtain a better assessment of the accuracy of such schemes. Exact
stability criteria are derived for each of five different schemes applied to the Burgers equation. Exact results for
the amplification factor and phase error are plotted for several values of Courant number and diffusion
parameter for each scheme. These exact results, which are presented here for the first time, are extremely
valuable in assessing the dissipation and dispersion characteristics of each scheme. This study shows promise for
extending this analysis to the Navier-Stokes equations.

Nomenclature

= Jacobian of inviscid flux function
= Jacobian of viscous flux function
= convection speed

= total energy

= inviscid fluxes in x direction

= one-dimensional inviscid flux function
= coefficient of thermal conductivity
= pressure

vector of dependent variables
Courant number

gas constant

= diffusion parameter

= temperature

= viscous fluxes in x direction

= velocity components in x direction
= predictor value

= scheme parameters

ratio of specific heats

time step

spatial mesh size in x direction
wave number

= coefficient of dynamic viscosity

= kinematic viscosity

= phase angle

= density, amplification factor

= components of stress tensor

= relative phase error
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1. Introduction

VER the past few years, significant increases in comput-

ing speed and memory have driven applications of com-
putational fluid dynamics methods toward problems involving
increasingly complex flow phenomena. These complex flows
include unsteady features such as separation, vortex shedding
and interaction, acoustics, chemical reactions, and turbulent
phenomena. Any hope of analyzing these types of flows relies
heavily on accurate resolution of a wide range of temporal and
spatial scales present in the physics. To ensure that the re-
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quired resolution is achieved, it is essential to evaluate the
accuracy and stability of the numerical methods to be used in
the solution of such flow problems. There are several different
methods for analyzing the stability of a given scheme for
simple model equations, including the von Neumann method,
the modified equation approach,! and heuristic stability the-
ory.2 Several researchers have used such methods to conduct
detailed stability studies®; however, in practical problems
many efforts have relied on empirical approaches because of
the complexity involved.

In the present work, analytical expressions for stability
criteria are developed for a class of two-step finite difference
schemes. Analytical expressions are derived for the amplifica-
tion factor and phase error for five different schemes, and
plots of the results are compared with those for the approxi-
mate expressions. These expressions are obtained for both the
inviscid and viscous Burgers equations to validate the analy-
ses. The exact analytic expressions for the various schemes for
the viscous Burgers equation are believed to be presented here
for the first time. In addition, specific stability criteria are
given for each scheme. The analyses developed in this effort$
provide a critical step in obtaining rigorous stability criteria
for various schemes applied to the Navier-Stokes equations.
These results provide significant insight into the role of spatial
and temporal step size in resolving critical features of complex
flows and in optimizing computational procedures to resolve
required time and length scales.

II. Convection-Diffusion Equation and Its

Numerical Approximation

Convection (or advection) and diffusion (or conduction) are
two of the most common transport phenomena in physics.
The differential equation that describes these two phenomena,
known as the convection-diffusion equation, is a mixed hyper-
bolic-parabolic partial differential equation. In fluid dynamics
the convection and diffusion transport processes are governed
by the set of partially parabolic partial differential equations
known as the Navier-Stokes equations. To evaluate the accu-
racy of the numerical simulation procedure one should per-
form a stability analysis on any difference scheme applied to
the Navier-Stokes equations. In this study, as a first step, a
simple model equation, the Burgers equation, is taken as an
illustrative example of the Navier-Stokes equations, since it
contains both convection and diffusion terms. It can be seen
that, at least for the one-dimensional case, when they are
written in nonconservative form, the Navier-Stokes equations
have exactly the same form as the one-dimensional Burgers
equation.
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A. One-Dimensional Navier-Stokes Equations

For simplicity, in this study, the one-dimensional Navier-
- Stokes equations are considered. The multidimensional cases
are left for further investigation.

For the one-dimensional case, we have
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Equation (1) can be reduced to the form®
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which can be verified by performing the indicated matrix
multiplication.

For C = 0, the one-dimensional Navier-Stokes equation be-
comes

aQ a0 *Q
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ot ax ax? ®

B. Ilustrative Example: Burgers Equation

To illustrate the von Neumann stability analysis,” let us first
consider a simple case using the. one-dimensional Burgers
equation, which has the same form as the one-dimensional
Navier-Stokes equation without the source term, Eq. (3).

Taking the Burgers equation as the model equation has two
advantages here. First, there exist several exact (analytic) solu-
tions for the Burgers equation with which the numerical re-
sults can be compared. Second, because the Burgers equation

has the same form as the one-dimensional Navier-Stokes equa-

tion, the stability analysis for the Burgers equation will be a
guide in the derivation and procedure of the stability analysis
for the one-dimensional Navier-Stokes equation.

 For the one-dimensional model equation, consider Eq. (3)
to be of the form
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If () = Yu?, Eq. (4) becomes
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which is the one-dimensional nonlinear viscous Burgers equa-
tion.
If F(u) = cu, Eq. (4) becomes
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e ©

+¢c— =
ot Sox Vo

which is the one-dimensional linear viscous Burgers equation.
When v = 0, the left-hand side vanishes, and Eqs. (5) and (6)
become the inviscid Burgers equations.

C. Difference Schemes

Two types of difference schemes that have been widely used
are space-centered schemes and upwind difference schemes. In

. this study, only space-centered schemes are investigated.

In 1973, Lerat and Peyret proposed a generalization of two-
level predictor-corrector-type schemes for the model equation,
Eq. (2),% which is in predictor-corrector form. Applying pre-

‘dictor and corrector expressions to the linear Burgers equa-

tion, Eq. (6), in which ¢ and » are constants, we have the
following:
Predictor:
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Corrector:
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where q = cAt/Ax is the Courant number, and r = vAf/Ax?
is the diffusion parameter. Choosing different values of «, 8,
and v in Egs. (7) and (8) gives several schemes that have been

investigated for various applications.

III. Analyses and Procedure
A. Derivation

After substitution and considerable algebra,® the expression
for u*! in Eq. (8) becomes
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then the modulus of p(£) is
| p(®)12 = {Re[p(®)])? + {Im[p(£)]}? an

giving the amplification factor that is defined as | p(¢)1.
For the phase error, we have
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where ¢ is the relative phase error that has non-negative val-
ues, and the ¢ graph will be in the upper half-plane.

B. Exact Formula
Substituting 4, B, ..., G into the previous equation for
the amplification factor, we have

| p(§)1? = a*lg — 2bgr + 2b*(B — 1

+ {1 — bg?+2b%B — Y)gr + Zb[ﬁ—(% b- l]r

2
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where a = sin(¢), and b = 1 - cos(¥). ‘

This exact analytical expression for the amplification factor
is believed to be derived here for the first time.

The necessary and sufficient condition (for periodic
boundary conditions) for stability is

lo(®)1 =1

C. Approximate Formulas at £ Near Zero -

The approximations for the amplification factor and phase
error-at ¢ near zero show the properties of dissipation and
dispersion, respectively.

Using Taylor series expansions for the sine and cosine func-
tions for £ near zero, neglecting terms of O(£%), we will get
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For small z,V1+z=1+Y%z—%z2+0(z%), where z=£2,
and so
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The dissipation is determined by the even powers of £ in Eq.
(14), which will be discussed further in Sec. IV.

For the phase error, from Eq. (12), repeating the Taylor
series expansion procedure, and for small z, [1/(1 — )] =1+
Z+22+0(z%, tan" 1z =z — Y523 + Y425 + 9(z7), and so
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For the inviscid Burgers equation, r = 0, and so
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The dispersion is governed by the magnitude of ¢. This too
will be discussed later.

IV. Results and Discussion
A. Results

The exact and approximate formulas for the amplification
factor and phase error obtained in the preceding section yield
many useful and interesting observations as shown in the
following sections.

1. Amplification Factor and Phase Error for Selected Schemes

Using Egs. (10) and (12), a computer program was devel-
oped to calculate the exact amplification factor and phase
error. The data for the calculation are given in Table 1.

The graphs of the amplification factor and phase error for
the inviscid Burgers equation are identical for each scheme
and with the results in Ref. 9. This also verifies that, for the
linear inviscid Burgers equation, all second-order space-cen-
tered schemes are identical with the Lax-Wendroff scheme.!0

For the viscous Burgers equation, the graphs for different
values of g and r are shown in Figs. 1-8 for the five different
numerical schemes given in Table 1.

2. Approximations Sfor Small ¢

The approximations of the amplification factor and phase
error for the inviscid and viscous Burgers equations are sum-
marized in Table 2.

Table 1 Data for calculation of amplification factor and phase error

q = c(At/Ax) —_— 0.25 0.5 0.75 1.0
r = v(At/Ax?) 0.0 0.25 0.5 0.75 1.0
Scheme o B ¥

MacCormack (FB) 1.0 0.0 0.0
MacCormack (BF) 1.0 1.0 1.0
Lax-Wendroff 0.5 0.5 0.5
Rubin-Burstein 1.0 0.5 0.5

Peyret-Taylor 1+ V572 0.5 0.5
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3. Dissipation and Dispersion

The smearing of physical discontinuities due to numerical
dissipation and the nonphysical oscillations produced by nu-
merical dispersion are of critical importance in evaluating the
accuracy of a numerical scheme for resolving complex flow

features.

STABILITY OF FINITE DIFFERENCE SCHEME
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From Eq. (14), it can be seen that the lowest power of £ is
4; for the inviscid Burgers equation, the Lerat-Peyret general-
ized scheme is dissipative of order 4; for the viscous Burgers
equation, noting the lowest power of §, the scheme becomes
dissipative of order 2. This is due to the physical dissipation
that occurs naturally in the viscous terms of the viscous Burg-
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From Eq. (15), it can also be seen that the Lerat-Peyret

generalized scheme has a lagging phase error for the low-fre-
quency mode (notice the minus sign comes from the definition
of £). _
The analytical results give new insight into the influence of
the various parameters on the dissipation and dispersion prop-
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Table 2 Amplification factor and phase error for small £

Amplification factor

lo(®)] =1 - Lag(1 - g2+
lo(®)| =1 —r&2 + ¥okt

Burgers equation

Inviscid
Viscous

Phase error

1 1 1 1

_ 1 — a2 — —— g2
o= c[l ¢ q)£+<120+24q 20!1“)2“]

¢ = —c[1—14(1 — g2 + T'ot4

Burgers equation

Inviscid

Viscous
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Fig. 7 Amplification factor and phase error for Peyret-Taylor
scheme (r = 0.25).

erties of each scheme. The plots of the exact expressions for
the amplification factor and phase error reveal these charac-

teristics in the previous figures.$

4. Stability Criteria

Using the respective necessary and sufficient conditions for
stability, the stability criteria for each scheme can be derived.
This is neither an obvious nor easy task. Here a different
approach is taken to obtain the stability criteria.

MacCormack scheme. From the graphs and surfaces of
the amplification factor, it is observed that the maximum
value of the amplification factor in the entire r, g region
appears at £ equal to «. Setting £ = x, which means ¢ = 0 and
b =2, we have

[1-2¢g2-4(1 -2ryl=1 (16)

which leads to
-1=<1-2¢2-4(1-2nr=<1 17)
The right inequality is simplified to

g*+2(1-2r)r=0
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which indicates limit on the diffusion parameter
r<v (18)

Further investigation reveals that stability may be achieved for
some values of g with r> 1.
The left inequality becomes

g*+2(1-2rr=1
which means
g*<1-2(1-=2nr (19)

To verify this result, 2 numerical calculation was carried out
as described in Ref. 6. From Table 3, it can be seen that
condition (19) is slightly different from the numerical calcula-
tion, especially as r nears 0.5. It can also be seen from Fig. 2
that, when r = 0.5, at £ =0.797, g must be less than 1 for
|pl?2=<1. This implies that there should be some type of
higher order correction. Adding a higher order term of r!?,
which is obtained by trial and error as the correction term and
matching the numerical result at » = 0.5, we have

q*<1-2(Q -2r)r —220.19r12 (20)
Therefore, the stability criterion for the MacCormack scheme is

g*=<1-2(1-2r)r —220.1972, r< 1)

The numerical calculation and conditions (19) and (20) are
shown in Table 3 (in this table all data are for the equation
lpi2=1).

The commonly used stability criterion for the MacCormack
scheme is the empirical formula of Tannehill et al.!!:

g=sl-2r

The comparison of the exact stability criterion [conditions
(19) and (20)] and the empirical formula is shown in Fig. 9,
which indicates that the region for the stable solution is nearly
double that for the empirical analysis.

Lax-Wendroff scheme. The Lax-Wendroff scheme is
somewhat more complicated. From the graphs and surfaces of
the amplification factor, when r < 0.5, the maximum value of
the amplification factor appears at £ = 0 or w. At £ =0, there
is no meaning. So setting £ = =, we have

[1-2¢%1=1 22)
which leads to
1=2zg=20 (23)

Table 3 Numerical calculation and exact conditions (19) and (20) for
stability for MacCormack scheme

q

r Numerical 19 (20)
0.0 1.0 1.0 . 1.0
0.05 0.953939 0.953939 0.953939
0.1 0.916515 0.916515 0.916515
0.15 0.888819 0.888819 0.888819
0.2 0.871780 0.871780 0.871779
0.25 0.866025 0.866025 0.866018
0.3 0.871780 0.871780 0.871713
0.35 0.888819 0.888819 0.888401
0.4 0.916515 0.916515 0.914498
0.45 0.948039 0.953939 0.945948
0.5 0.972750 1.0 0.972750
0.50495 0.974804 0.0 0.0
0.505 0.0 —_ —_
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Actually, the right inequality is always satisfied. Thus this
equation gives
g=<1 (24)

When r>0.5, the maximum value is at £ = 0.7x. Upon
substitution of this value, we have

{0.6545g2(1 — 3.1765r)* + [1 — 1.58784>

—0.6545(1 — 1.5878r)r?} % < 1 25)

So the stability criterion for the Lax-Wendroff scheme is

g=<1, r<0.5
{0.6545¢%(1 — 3.1765r)% + [1 — 1.5878q> (26)
~0.6545(1 — 1.5878r)r1?}% < 1, r>0.5
The second condition, inequality (25), leads to
g <Vf(r) +0.6552v5 (r) @n

where
f(r)=0.5+ 0.4124r — 0.6552r2

g(r) = 0.5823 + 2.170r — 3.4459r% — 0.002138r> + 0.002264r*

Here we must have g(r) = 0, that is, r < 0.8326. Also the first
inequality requires r = 0.6296 for g2 < 1, and the second re-
quires r = 0.6298 for g?= 0. This stable region is shown in
Fig. 10.

Rubin-Burstein scheme. The maximum value of the am-
plification factor for the Rubin-Burstein scheme is at £ = 7.
Using the same procedure, the stability criterion follows

I1-2¢g2-2rl=<1 28)
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Fig. 10 Stable region for Lax-Wendroff scheme (r >0.5).

which leads to
g*<sl-r 29)

Peyret-Taylor scheme. Similarly the stability criterion for
the Peyret-Taylor scheme is

1+V3
1-2 2_4 =1 30
AT 30
that is,
1+V5
2<1-2 31
a 2475 31

All of the previous results are shown in Fig. 11 and verified
by numerical calculation. These stability criteria are also be-
lieved to be obtained here for the first time.

B. Discussion: Expansion to Navier-Stokes Equation

As stated earlier, the purpose of this study is to develop a
stability analysis for the generalized two-level space-centered
scheme applied to the Navier-Stokes equations. It has been
shown that the Burgers equation has the same form as the
one-dimensional Navier-Stokes equation. Therefore, in the
analyses and procedure applied to the Burgers equation, the
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o
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r

Fig. 11 Stable region for each scheme.

constants ¢ and » become the matrices A and B, respectively,
when the same analysis is applied to the one-dimensional
Navier-Stokes equation and a local linearization is employed.
The amplification factor becomes an amplification matrix.
Now the task of stability analysis is to seek the maximum
eigenvalue of this amplification matrix. From the illustrative
example here, it has been demonstrated that such analyses are
possible. The results shown here will provide meaningful and
helpful guidance toward achieving such analyses as the next
goal of this study.

V. Conclusions

According to the earlier results, the following conclusions
can be obtained:

1) The von Neumann stability analysis has been performed
for the generalized two-level space-centered scheme applied to
the Burgers equation. The dissipation, dispersion, and stabil-
ity properties of five different numerical schemes have been
investigated. Generalized expressions for the amplification
factor and phase error have been obtained and are presented
in Egs. (10) and (12).

2) The variation of specific parameters for each scheme is
shown in Table 1. Initially the amplification factor and phase
error were determined for the inviscid Burgers equation and
were found to be identical for each scheme as expected. This
verifies that, for the linear inviscid Burgers equation, the
amplification factor and phase error are independent of «, 3,
and v and all of these second-order accurate schemes have the
same stability properties.>1?

3) The dissipation, dispersion, and stability properties of
these five schemes are investigated for the linearized viscous
Burgers equation for the first time. In the viscous case there
are certain similarities among all five schemes, but each ex-
hibits unique characteristics in its stability criteria. These fea-
tures are evident in the plots in Figs. 1-8. '

4) Of particular interest is the widely used MacCormack
scheme for which the exact stability criterion almost doubles
the stable region indicated by the empirical formula (see Fig.
9). This has significant practical meaning, because it extends
the range of time and space step size and therefore improves
the computational efficiency and accuracy.

5) It was also noted that for the MacCormack scheme, the
order of the differencing (FB, forward predictor-backward
corrector, or BF, backward predictor-forward corrector) gave
the same dispersion property in each case. Thus, for the linear
case, alternating the differencing in successive steps does not
reduce the phase error.

6) For the Lax-Wendroff scheme there exists another stable
region when r >0.5 (see Fig. 10).
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This study is continuing in an effort to determine the phys-
ical significance of these features as well as to identify any
additional properties that affect stability. Although this study
has been directed toward the linearized viscous Burgers equa-
tion, it has provided valuable understanding that can be ex-
tended to the nonlinear viscous Burgers equation. This, in
turn, will serve as a guide to the analysis of critical stability
and accuracy issues in a wide class of finite difference schemes
for the complete Navier-Stokes equations.
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